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1 - Introduction 

In most industries, competition takes place among products which are si
multaneously horizontally and vertically differentiated. The words «horizontal» and 
«vertical» have the usual meaning they take in ttie product differentiation litera
ture. 

In vertical differentiation, consumers rank products unanimously according 
to quality, so that if several products are offered at the same price only the top 
quality one has positive demand. Differential willingness to pay for quality (which 
depends critically on income) assigns the consumer to the purchase of either a 
high quality or a low quality good. 

In horizontal differentiation, each consumer ranks products in a specific way, 
so that, if all products are offered at the same price, each one has a positive 
demand. This case is best represented by the «location» paradigm: in a char
acteristics space, a firm's location expresses the features of its product. The 
consumer's location reflects his «most-preferred» product in terms of character
istics content. Transport cost between consumer's and firm's locations meas
ures the decrement of utility that the consumer has to endure by accepting a 
product which is objectively different from his most-preferred brand. 

The coexistence of vertical and horizontal differentiation is empirically veri
fied [see, e. g., for the clothing industry Sa and Miranda (1992)]. Usually, hori
zontal differentiation has to do with measurable attributes such as design or 
colour, which define a «Variety••. In clothing, the most important horizontal dif
ferentiation axis opposes fashionable to non-fashionable products (Sa and 
Miranda, 1992). Quality is more intangible (1), although in consumer durables it 
is related with reliability, that is to say, with durability. 

A few papers have addressed the question of combining horizontal and 
vertical choices. 

Ireland (1987) and Launhardt (1885) determine price equilibria in competi
tion among products which are vertically and horizontally differentiated. However, 
the quality and variety choices are not analysed. 

Neven and Thisse (1990) feature a two-stage game. During the first stage, 
two firms choose simultaneously qualities and varieties. During the second stage, 
they choose simultaneously prices. Quality and variety· are interpreted as two 

' independent characteristics, so that the price stage is a spatial competition model 
in a two-dimensional space. The authors conclude that in equilibrium the firms 
either choose identical varieties (central_ locations) and extreme qualities, or 

( 1) That quality is not related with a high level of an objective characteristic is illustrated by 
the story about a conversation between a Rolls-Royce seller and a potential customer. When the 
latter asks «How much power has the car?», the former is supposed to repply «It has enough». 
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choose the same (top) quality and extreme varieties (locations). Maximal differ
entiation along a dimension entails absence of differentiation along the other 
dimension. 

The paper by Neven and Thisse (1990) deserves two comments. First, 
quality and variety are presented as. completely independent, additive choices. 
In our paper, the two dimensions interact: the larger the distance between the 
firm's product and the consumer's most-preferred brand is, the higher the value 
of quality is. Then, the result implies that in equilibrium vertical and horizontal 
differentiation do not coexist, which makes the integration of the two kinds of 
differentiation purposeless. The outcome of the general model can be achieved 
by a specific model of either horizontal or vertical differentiation. 

Dos Santos Ferreira anq Thisse (1992) endogenise the choice of qualities 
in Launhardt's (1885) model, for given locations of firms. Therefore, they com
bine Launhardt's idea of product-specific transport rates with Hotelling's (1929) 
view of a two-stage game (first products, then prices), where qualities (transport 
rates) rather than varieties (locations) are chosen in the first stage. 

This paper follows very closely Dos Santos Ferreira and Thisse (1992). 
However, we depart from it in two significant assumptions. 

We assume that consumers' reservation price are binding. This means that 
when a competitor decreases its delivered prices not only does he/she attract 
consumers who were previously rival's customers, but also it sells to distant 
consumers who previously did not purc.hase the good. In the opposite, when a 
firm raises its delivered price, it does not only lose them to the rival but it can 
leave them unserved at all. Launhardt (1885) assumed that each consumers 
purchases one unit of product per unit of time, but he regretted the implicit 
assumption of an infinite reservation price (see, e. g., pp. 154-155). 

Second, as, with finite reservation prices, each firm faces an upper bound 
to the delivered price, there is no need to assume an arbitrary, upper bound for 
the transport rate (a lower bound for product quality). However, a lower bc;>und 
for the transport rate (an upper bound for product quality). remains justified on 
the ground of technological possibilities. · 

Dos Santos Ferreira and Thisse (1992) conclude that, when firms are spa
tially differentiated, they minimize quality (in order to protect themselves from 
price competition). This conclusion excludes the coexistence of both kinds of 
product differentiation in equilibrium. From the change in assumptions it follows 
that, when the firms select simultaneously qualities, the outcome of the quality 
subgame is indeterminate. However, if they choose them sequentially, the leader 
will choose a minimum transport rate (maximum quality) and the follower, a 
maximum transport rate (minimum quality), such that the marginal consumer is 
indifferent between purchasing or refraining from consumption. Therefore, in 
equilibrium vertical and horizontal differentiation coexist. High quality follows from 
a Stackelberg first-mover advantage. 

2 - A stylised marketing story 

Let us consider the market of a differentiated good, e.g., clothing. It is known 
that the horizontal differentiation of clothing is n-dimensional where n is arbitrar-
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ily large (2). However, following Sa and Miranda (1992), we can isolate as domi
nant one characteristic axis, namely the «degree of sensitivity to fashion>>. To 
simplify, we .can consider three groups of products: non-fashion goods (A), mid
dle goods (B), and fashion goods (C). 

FIGURE 1 

Consumers' groups 

Accordingly, consumers are divided in three equal groups, following the type 
of most-preferred product. The degree of substitutability between product types 
has first to do with «distance» between products. Substitutability is higher be
tween the middle type and each of the extremes, than between the two ex
treme categories. Then, it has to do with product quality. Two high-quality prod
ucts belonging to different types are more substitutable than low-quality products 
belonging to those same types. Quality varies between zero and a technologi
cally feasible upper bound. 

In more formal terms, the consumer pays a certain price for the product 
and derives a net utility which is equal to product benefit (=reservation price)
«distance» between the consumer's «most-preferred» kind and the purchased kind 

x «transport rate,; of the product (=--1
1
.-). 

qua 1ty 
Quality is therefore the degree of substitutability between products sepa-

rated by a given «distance». It is the reciprocal of the «rate of transport» that 
the consumer whose «most-preferred» product is, e. g., A has to «pay» if he 
purchases, e. g., product B. Quality is expressed by the symbolic «lightness» of 
the product. 

We assume that a group of consumers purchases to one firm because it 
gets a positive net utility, which is highest when compared to alternative pur
chases to a set of competing firms. 

We will consider the two cases considered by Launhardt (1885). In the first 
one, the «Vertical case», there is no horizontal product differentiation: two firms 
supply the same kind of product, e. g., B. 

(2) A way to deal with this fact is to isolate one characteristic and represent the others by 
a stochastic utility term (see Palma, A., et al., 1985). 
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FIGURE 2 

Coincident firms' locations 

Consumers' groups 

Firms' location 

~------[ -ffir------------l] 
In the second case, the «horizontal case», two firms produce differentiated 

extreme product kinds: firm 1 supplies A and firm 2 supplies B. 

FIGURE 3 

Differentiated firms' locations 

Consumers' groups 

n Firms' locations 0 
~-------- F2 ~ 

In the «vertical» case in fig. 2, there are two possibilities. If both firms try 
to supply all consumers, they will choose the same quality levels (besides the 
same product type). A Bertrand price war takes place and prices fall progres
sively to marginal production costs. 
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FIGURE 4 

Identical firms' locations and qualities 

The other possibility is that firms supply quality differentiated products and 
target distinct consumer groups. Firm 2 can supply low price and quality goods 
and supply group B: B consumers benefit from low price and low quality does 
not affect them much because the difference between the supplied good and 
the most-preferred product to them is null. Firm 1 supplies high price and qual
ity goods for consumers A and C. The disadvantage for these consumers of 
high price is compensated by the increased substitutability between product B 
and products A and C. 

FIGURE 5 

Identical locations and diferent qualities 
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We turn now to the other case, the «horizontal case••, where firms offer 
distinct products: firm 1 supplies A and firm 2 offers C (see fig. 3) 

In equilibrium, several configurations of «market areas•• (assignment of con
sumer groups to firms) are possible. First, F1 can supply A, B. C and F2 sup
plies only C. 

FIGURE 6 

Market areas: firm 1 with high quality 

This configuration occurs if F1 chooses a high quality and F
2

, a low quality 
good. 

Second, F, may supply only A and F2 supplies A, 8 and C. 

FIGURE 7 

Market areas: firm 2 with high quality 
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This configuration occurs when F2 chooses a high quality and F1

1 
a low 

quality. 
Third, F1 can supply A and 8 and F2 supplies C and B. This case occurs 

when both firms select medium level qualities. 

FIGURE 8 

Market areas: medium qualities 

........ 
........ 

........ 
........ 

........ 
........ 

........ 
........ 

All these configurations are possible in equilibrium. They are determined 
by the firms' choices of quality levels, which are previous to the choices of prices. 
However, they all share a common feature: in each of them there is one and 
only one group of consumers which is supplied by two firms. The consumers 
belonging to this group are indifferent between purchasing to the two firms. For 
this «bQundary>> group the net benefit of purchasing the product is zero: these 
consumers are indifferent between purchasing to either firm or refraining from 
consumption. As long as this condition is not met, i.e., as long as the «bound
ary>> group has positive. net benefit, the two firms have an incentive to reduce 
their quality levels, in order to reduce the degree of substitutability between 
products and raise prices. 

If the two firms choose simultaneously the quality levels, there are multiple 
· stable situations concerning qualities and prices, which we have summarized 
before. In order to solve this indetermination, we can assume that the two firms 
choose the qualities sequentially, and then choose prices simultaneously. We 
have then a game of three stages: 1) Firm 1 chooses quality; 2) Firm 2 chooses 
quality; 3) Firm 1 and firm 2 choose simultaneously prices. 

If firm 1 is the leader, it will opt for a maximum quality, at the technologi
cally feasible upper bound .. Firm 2 will chaos~ a low quality, in order to de
crease the degree of substitutability of products and raise prices, until the «boun
dary>> consumer group has zero net benefit. Therefore, we obtain the configuration 
of fig. 6. 
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3 - Pure vertical differentiation 

Assume that consumers are uniformly distributed with unit density along 
the real line ]- oo, + oo [. Two firms locate in 0 and offer homogeneous products. 
They transport them to consumers and charge fully the transport rate t; (i = 1 ,2). 
Each firm chooses its transport technology, i. e., transport rate t; £ [u, oo [. Al
though there is a lower bound related to technological feasibility, there is no 
upper bound to the freight rate. 

The consumer in x buys one unit of the product with lowest delivered price 
min;[p; + t; x], provided that it is lower than the reservation price v. 

Therefore, the net benefit of purchasing the good must be non-negative. 
Otherwise the consumer refrains from purchasing: his/her demand is null. 

We assume that the firms have constant (zero) marginal production costs. 
W.l.g. we assume that t1 ::;; t2• The situation is of pure vertical

1 
differentia

tion: if both firms charge the same mill price, all consumers purchasing the prod
uct in [- z,z] prefer the lower transport rate of firm 1. 

FIGURE 9 

Pure vertical differentiation: p1 variable 

P, 

-z _ -y -w -x 0 X W y z 

We assume that the firms play a two-stage game. In the first stage they 
choose simultaneously transport rates. In the second stage, they select simulta
neously prices. Subgame perfection is the equilibrium criterion. 

Next, we derive the contingent demand function of firm 1 D1(p1
, p

2
) and of 

firm 2. We first deal with the case where t1 < t
2

• 
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FIGURE 10 

Firm 1 's contingent demand function under pure vertical differentiation 

p, 

Assume that {52 .:::::; v. Firm 1 's demand function is 

where p'1 is determined by 

so that 

(1) 

In this region (see fig. 11) 

(2) 
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It is easy to check that the demand function of firm 1 is continuously de
creasing and concave in its own price. 

FIGURE 11 

Pure vertical differentiation: p2 variable 

-b -c -a 0 a c b 

We describe now· firm 2' demand function. We assume that p, ~· v. 

FIGURE 12 

Firm 2's contingent demand function under pure vertical differentiation 
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D/{J1, p2)=0 if p2 ~P~=P, 

Dlf51. P2) = 2e~ = ~~ if p·~ ~ P2 ~ p~ 
where p'~= v~ -~)+~,0, solves 

p'~+ tF=P+ t1c= v 

DlfJ,. p2) = 2tv~p~ if 0 ~ p2 ~ p'~ 

i. e., D/ft;. p2) = 2b and b is given by p2 + t2b = v. 

(3) 

(4) 

It is easy to check that the demand function of firm 2 is continuous, de
creasing and concave in its own price. 

We deal now with the case where t1 = t
2

: products are completely undiffer
entiated and we obtain a Bertrand situation with discontinuous demand func
tions. Firm 1 's demand given {52 ~ v is 

D ( -) (v-p1) 
1 p1, p2 =-t-

1 

if p1 >~ 

0( -) 2(v-p1) 1p1, p2 = -t-
1 

Firm 2's demand is symmetric. 
Clearly, there is a Nash price equilibrium for any pair (t1, t2). If t1 ;,·t2, we 

obtain a Bertrand equilibrium with p*1 = p*
2 
= 0. If t1 < ~. as demand functions 

are continuous, decreasing and concave, profit functions are continuous and con
cave in own prices and there exists a Nash equilibrium in prices. This equilib
rium occurs necessarily in the region of prices where both firms have positive 
demands, i. e., in the region 

In this region, profit functions generate f.o.c. 

which yield equilibriums prices 

* v(~ -t1) 

p 2 = 4t2- t1 

(5) 

(6) 

(7) 

(8) 
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Expressions (7) and (8) deserve several comments. First, p*1 = 2p*2: the 
higher quality firm has a higher (double) price than the lower quality's. Then, if 
(t1 - t2) ~ 0, p*1 ~ 0 and p*2 ~ 0. If vertical differentiation vanishes, equilibrium 
prices converge to Bertrand prices. 

Assume that firms choose transport rates previously to prices, ·during a 
precedent stage game. Substituting prices (7) and (8) in profit functions: 

(p ) 2 (v-p1 P1-P4\ 
1t1 1' p2 = p1 t1 +~) 

We obtain profits as functions of transport rates only 

1t1[p*1(t1' t2), p*2(t1, ~), t1, t2 ] 

1t2[P*1(tp ~), p*2(t1, t2), t1, t2 ] 

An easy calculation shows that 

an1 o y< 
1 

(9) 

(1 0) 

(11) 

(12) 

(13) 

(14) 

Summarising, in equilibrium firm 1 decreases its transport rate down to the 
minimum technologically feasible level u, in order to become competitive both 
with relation to firm 2 and with relation to distant consumers. Firm 2 increases 
its transport rate with relation to firm 1 's, in order to (vertically) differentiate its 
product and relax price competition (if t1 = t2, p*1 = p*2 = 0). However, it does 

not exceed : u. Beyond that level the interior segment centered around 0 would 
be negatively affected by the rise of the transport rate (3). 

4 - Horizontal and vertical differentiation 

Let consumers be uniformly distributed in the interval [0, 1] with uniform unit 
density. Firms locate in the extreme points of [0, 1] and charge delivered prices 
P; + 2t; d (x,s), where P; is the mill price, t; is the firm specific transport rate and 

(3) In Dos Santos Ferreira and Thisse (1992), the two firms compete for consumers in a 
finite length interval who have infinite reservation prices. In this case, firm 2 has an incentive to 
raise indefinitely its transport rate because, due to the increase of product differentiation (as meas

.. ured by t1 - f:!), prices p1 and p2 increase indefinitely without reducing the total number of custom
ers in the market. However, with finite reservation prices, prices p1 and p2 cannot increasing with
out shrinking the total number of consumers who purchase to either firm. The consideration of a 
finite reservation price allows us to do without the assumption <"lf an exogenous upper bound for 
the transport rate, which has no economic meaning. 
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d (x,s) is the distance between the firm in s (s E {0, 1}) and consumer in x. Con
sumers have a finite reservation price v. Horizontal (location) and vertical (trans
port rate) kinds of product differentiation are combined in this example. For in
stance, if the transport rates are equal, differentiation is purely horizontal: we 
obtain a Hotelling - type model. 

We assume in the beginning that the firms play a two-stage game. First, 
they choose qualities. (transport rates). Then, they choose prices. By solving 
backwardly, we begin to search for price equilibria. 

Following Salop (1979), each firm's contingent demand has three regions. 

FIGURE 13 

Horizontal and vertical differentiation 

0 

W.l.g. we assume that t1 ~ t2 . Furthermore, in order to derive contingent 
demand functions, we assume that p2 ~ t1, p; ~ v- ~- For p1 ~ p'1 = v 

Let x be the point in [0, 1] defined by 

so that 

(15) 

Price p", is defined by 

(16) 
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Substituting (15) in (16), we get 

p"1 = v (1 + 't) - p2 't- t1 (17) 

where 't = ~ < 1 

If p"1 ~ p1 ~ p'1, demand is in its «monopoly» region 

(18) 

Let p;"= p2 - t1. For p1"~ p1 ~ p"1, demand is in its ••competitive» region 

0 (p p-) - X- P2- p1 + p2 
1 1' 2 - - t1 + ~ (19) 

For p ~ p;', D1 (p1, fJ;_) = 1. Firm 1 's contingent demand is depleted in 
fig. 14. 

FIGURE 14 

Firm 1 's contingent demand function under vertical and horizontal differentiation 

D,(p,, p2) 

Firm 2's demand function has the same regions. In the 
gion. it is 

«monopoly» re-

(20) 

In the «competitive>> region, it is 

( D ( P2 - p1 + t1 
02 p1, p2) = 1 - 1 p1, p2) = t1 + ~ (21) 
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As it is easy to check that contingent demand functions are continuous, 
decreasing and concave, there exist Nash equilibria in prices. As in the region 
where p~·::;. p1 there cannot be a price equilibrium because firm 2's demand is 
null, following Salop(1979), we conclude that there exist, at least, two types of 
price equilibrium: one, with both functions in the monopoly regions of their de
mand functions (the «monopoly» or «M» equilibrium); in the other both firms 
locate in the competitive regions of their demand functions ( the «competitive» 
or «C» equilibrium). In the former case, profit functions are 

(22) 

(23) 

F.o.c. yield identical equilibrium prices 

•M •M V 
P, =P2 =P22 (24) 

A «monopoly» equilibrium takes place only if 

(25) 

where xis given by (15). Substituting this value and (24) in (25), we obtain the 
condition 

The r.h.s. of (26) is increasing both in t, and t2• 

In the «competitive>> case, profit functions are 

(p2- p, + t2) 
It; (p, P2) = P, t, + ~ 

F.o.c. are 

that yield the following equilibrium prices 

(26) 

(27) 

(28) 

(29) 

(30) 

(31) 

(32) 
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It results that p;c"?. p;c: the firm with higher quality (lower transport rate) has 
the higher price. 

The feasibility condition of a «competitive» price equilibrium is 

(33) 

Substituting (15) and (31) in (33), we obtain 

2~+ 5~ t1 + 2fi 
V"?. 3(t1 + ~) (34) 

It is easy to check that the r.h.s. of (26) is smaller than the r.h.s. of (34). 
Therefore, if v, t1 and t2 meet the condition 

2t1 ~ < v < 2~ + 5~ t1 + 2fi 
t1 + ~- - 3(t1 + ~) (35) 

as was stressed by Salop (1979), equilibrium belongs to a third type- it is a 
«kinked» equilibrium. The marginal consumer in y is indifferent between pur
chasing to firm 1 or 2, or refraining from consuming. The basic feature of this 
equilibrium lies in that firms treat the boundary point y as fixed, and derive the 
prices from· it, for given transport rates. Prices are determined by the constraint 
of serving the marginal customer. Therefore 

Pt=v-t2 (1-y) 

(36) 

(37) 

After having described the set of second-stage price equilibria, we turn hOw 
to the first-stage selection of transport rates. For each kind of price equilibrium, 
we substitute equilibrium prices in the profit function, which therefore appears 
as a function of transport rates only. 

For the «monopoly» equilibrium, profit functions are 

v2 1f'!=-
1 4t1 

(38) 

(39) 

Profits are decreasing in own transport rates: if some distant consumers 
are not served, it pays off to decrease the transport rate in order to serve them. 
In a «kinked» equilibrium, profit functions are 

7¢'= y(v- yt1) (40). 

~ = (1 - y) [v- (1 - y)t1] (41) 
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where y e [0, 1] is a parameter. Profits are decreasing in own transport rates: if 
to serve the marginal customer imposes a constraint upon mill price, a decrease 
of the transport rate relaxes this constraint and makes a higher price possible. 

On the contrary, in a «competitive» equilibrium firms' profits as functions of 
transport rates are: 

~(:-:2f:!~+~t,)~2 
rr!f= 9 (f:! + t,) (42) 

(43) 

It is clear that W, is increasing in t, and rtg is increasing in t2:if all consum
ers in the market are served, it is better to increase transport rates in order to 
diminish the degree of substitutability of products and increase prices. 

We can conclude that there is a continuum of quality equilibria in space 
(t,, t2) which corresponds to condition (34) satisfied as an equality: · 

(44) 

For t,, t2 > 0, condition (44) defines an implicit function which is decreasing 
and convex. For each pair (t,, ~) that fulfills this condition, prices are such that 
the marginal consumer is indifferent between purchasing to 1 or 2 or refraining 
from purchasing. 

FIGURE 15 

Price regions in transport rates' space under horizontal and vertical differentiation 
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v 
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In fig. 15 we represent in space (t1, ~) the regions of price equilibria (com
petitive, «kinked» and monopoly), bordered by conditions (26) and (34). In each 
region, it is depicted a vector which represents the direction along which firms' 
profits increase w.r.t. own transport rates. 

The interpretation of the fact that the frontier (44) is the set of equilibrium 
pairs is direct. If the firms choose too high transport rates, some consumers are 
not served and there is an incentive to reduce the rates. The fall of transport 
rates introduces equilibrium into the kinked region: all consumers are served but 
the restriction to serve the marginal consumer constrains prices. This constraint 
can be relaxed by further reducing the transport rates. The additional fall in trans
port rates introduces firms in the «Competitive>> region. In this situation, where 
all consumers are served at delivered prices strictly less than the reservation 
price, firms gain by increasing transport rates in order to relax competition be
tween the products and increase prices. Therefore transport rates equilibria occur 
in the boundary of <<kinked» and competitive regions, or rather in the part of 
that boundary where both transport rates are higher than the minimum techno
logical level u. 

The outcome of the game is not much satisfactory because there is an 
infinite multiplicity of equilibria. In order to release this indetermination, we can 
suppose a game with three stages: 

1) Firm 1 chooses t1; 

2) Firm 2 chooses ~; 

3) Both firms select prices simultaneously. 

Firm 1 maximizes profit function (42) w.r.t. t1 with constraint t2 = t2(t1) which 
is the implicit function corresponding to condition (44). It is easy to check that 
the total derivative of rfj w.r.t. to t1 is negative. Therefore, firm 1 chooses the 
minimum feasible transport rate u and firm 2 picks the quality level t2(u) which 
is compatible with the quality the equality for the marginal consumer between 
delivered price and reservation price. 

In opposition to Dos Santos Ferreira and Thisse (1992), we conclude that 
horizontal and vertical product differentiation are not incompatible in equilibrium. 
This is a desirable outcome from the point of view of the purpose of the model. 

5 ---' Conclusion 

Launhardt (1885) determined equilibrium prices in the context of a duopoly 
where products are simultaneously differentiated in the horizontal and vertical 
senses. The model is a spatial one: horizontal differentiation is expressed by 
the relative locations of firms and consumers in the product space; vertical dif
ferentiation is expressed in a way that quality is the inverse of the transport rate 
with which the firm serves its customers. 

Dos Santos Ferreira and Thisse (1992) endogenise transport rates in 
Launhardt's (1885) model. A one-stage price game was replaced by a two-stage 
game, where firms select first quality levels and then prices. 
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Both Launhardt's (1885) and Dos Santos Ferreira and Thisse's (1992) work 
have as main shortcoming the fact that consumers have infinite reservation prices. 

By introducing a finite reservation price, we believe to have achieved two 
results. First, the constraint imposed by the reservation price for distant custom
ers bounds from above transport rates in the first-stage game, thus making 
useless the (arbitrary) assumption of an exogenous upper bound for transport 
rates. Second, in the case where firms have different locations, horizontal and 
vertical differentiation are shown to coexist in equilibrium. This corresponds to 
the purpose of the model, because it adds something new with relation to the 
models where horizontal and vertical differentiation are studied in isolation. 
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